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SUMMARY

Principles of similarity- and other™ fac%ors in the
design of modéels for photoelastic testing are discussed
Some approximate theofetical equations,useful in the’ AnhI~
Ysls of results obtained from photoelastic tests, are de—
rivéd, Examples bf tHe use bf photoeTastia’ %echniques and
the" analyses 6f rdsilts as appl?ed t6 uniform and tapersd ;r_
beam- columns; cirdular ringsf-8nd - staticélly indeterminate
frames, ‘are given, "It is contludsd that “this ‘method 1is an
effective tool for the analysis of struétdres in which
column acticn is present, particularly in tapered beam
columrns,; and in etabically fhdéterminaté’ stfdctuﬂes in which
the d¥gtributlon of Toads in 'the - structures is influenced by
bending: moments due to axial loads in one Or more members.
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Hany ‘adthors have discuséed methods fof determiqy 5 the:
bending momeiits and %uckllnﬂ Ioads in ‘colutthe and béam col—"
unns. Niles and Newell (reference 1) give solutions of the
problem for various loading conditions with the 3=I of the
beam constant for the span under consideration. Timoshenko
(reference 2, D. 128) giﬁes “the' crltical buckling loads for
taperocd columns of seveoral types. . The problems discussed
in those refercnces rnpkesoht solutions of the basic diffor—
ential equation of a beam loaded with an axial load P and
lateral loads ﬁ#x)z Thisidifferontial equation is:
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When BI is a constant, “thisreyfiation ylelds readily to
integration and the bending moments M, et any section x
are given by: __

~ s

W= #(x) - Py (2)
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The critical lo&dfP.i is: |
c .

P, = On EI (3)
;a

where ( is the fixity ccefficlent depending .on the snd con-—
ditions of the beaw.» The value of P 3w, independent. of
the lateral loading gq(x). . er. ... S ot

In many cases, however EI i1s not: constant dbut varies
either continuously or. discqntinumuiy over the length of the

span under consideratipn.’ Equation(l) miay then be integrated

by approxinate_ nunerica& wathpds. General solutions are:’
possible only 1n 2. few casesw i - L - : -
szﬁﬁ[f';* ' ’

It is the purppse of - thils inveatigatlon to develop a

;:simple accurgte,,and quick method of,deternining melhents:

and pritical loads in,menbers lopded as.bdeam columns by
the use of methods of photoelastic analysig, The method
wlll be most useful for statically indeterminate structures
containing members with -nonlinear;behavior,

This investigation, conducted at the Oregon State
Cellege, ,was spousored by and.conducted with the finpncilal

r“assistance of tﬁe-National Advigsory Cowmmittee for Aerocnautics,

%

" General Considerations

In order for a nodel test to be useful 1t must dbe
pogsible to predict accurately results on the full-scale
structure from results of the model test, To acconmplish
thls purpose, it 1s necessary to.design photoelastic

" 'DESIGN OF PHOTOELASTIC MODELS. e
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models. with several ﬁquggentgl_p:inciples in wmind, Pirst,
principles of ‘efnilerity ‘must?be met Between the nedel and
full—-gscals,. Secondly, the model must be constructed so that
linitations imposed by téchniguésiof- testing Aare considered,
Thirdly, the models must be of such dimensions that they can
be constructed within tolerances required,
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.. TBy"ugd t¥aimdfeional anslysis it is possible . do de—
tormine” the odnd1fioRs’' of similarity that must:be me} 1ln
structural models, (Sse reference 3,) If P 1s any, one

. external lopd on a structure, Y, P,¥Y P, YaP..,, are any
ofher’ exfernid) loads 0h’ the’ Btructure, 1, la, Iz, 14 ceey
are pertinbnt’ lindsr dimensions of the structure, E is
modulus of elestidity: " p 'is Poisson's ratio, then it may
be shown that, in general,

R P s 2 13 la
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~ If all the parenstgrs;on the right—hand side of the
equatipn are the spme on. the mpﬁplsgnsthéffullfsbale struc—
ture, the léft—hand members;will be the saye for the model
and the full—scale stricture, Values for the full-scale
structure would then ba cbtainable from mcdel test,

. - In certain particularicases it is unnecessary to have
all the Ho#idisiensional” peraneterssthe 'seiier on the model

and the full-se¢hle structure, since some zre not pertinent,
Several types of structures will be briefly discussed,
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STRUCTURES IN WHICH MOMENT S, 'ITNTERNAL LOADS, REACTIONS,
. LR . . ' .

AND SO FORTH, ARE LINEAR -FUNCTIONS OF THE LOADS - -

In many structures the forces in the members, the
strescses, deformations, and so forth, are all linear func—
tiong of the load, Then the nondimensional parameiter
P/E1:®1s not significant, If the ratios R/P and ¥/P1, are
determined for any one set ¢f loads, they are then the same
for any other set of 'loads in conetant ratios to the first
Set. . . . - - - hl - R . - -

In mos% 'structures .of this type Polsson's ratio i is
not significant either, For instence, consider the prob-
lem of bending of beams in which the ‘equation:
a*y
.. . ax® . - - ' . 4

is applicabdble, Since u does not appear in this equation,
it may be considered permissible to neglect this paremetar, v
If the beam 1s loaded so that M 1is not a function of y,
then both P/E1° and u: may be neglected, PFurthermore,
geometirical similerity is not necessyry for the determin—
atlon of moments, reactiomns, and so forth, eince the linear
dimensions of the cross sections come in only as influencing
the moment of inertia, Consequently, the similarity con-
ditlons to be met would be expresssd by the equations:

]
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These cbnditions fequife that the lcoads on the model snd o

the full-scale structure be in the ssme ratio, thet the
lengths 1,, 1., 135.,. of the neutral axes of varlous men-—
bers cf the model and the structure be in the ssme ratio,
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and that the moments of inertila of various parts of the
structure be in the same ratio on the model and the full~—
scale structure. o

COLUKNS AND BTAM COLUMNS WITH STAWICALLY DWT RMINATE

EXTIRNAL LOADS ' : Ce e e

Structures which behave nonlinnarly, but which are
loaded so that the material is in'the elastic range svery-—

where, include those structures classed as columns and beam

colunns.

The basic equation of the elastiec curve for these is:

PE
BI ——z = M %
. vd- x 2 . " -
but in this cass Y is a function of both x and y. TFor.
instance, consider . a beam column of length ! “with 32I =
f(x). The equation of the elastic curve of this may be
written: : : e

where P 1s the axial compressive load and _kW_f1<-_Jf>:

the bPending mnoment due %o lateral loading W, composed of
loads Y ;P, Y;P cvey .iand so forth : ¢ ’

In order for this*equ&tion to be idenblcal for both
model and full-scale structure, the conditions that

(2,2,
(), (),

.ll

and

ds<y\ +'Hz< o e ( >
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O

v - : x
must b3 met at every point defined by —. The subscript—n
?

is used to denote model, and the subscript s +to denote

full-scale structure. Dividing the first of these oquations

by the second gives:

NORO)

Here again Poisson's ratio p 1is not pertinent. The bending
moment may then be written:
8
M 12 la PI
—— = f<‘Y10'Y21 ¥z oo —Es — """‘3""> (8)
Wi, 1y ly EBI

It—is uswally more:convenientﬁto lét the monmnent, at some
point, due to &ll lateral loads be M, and write the fore-
coing equation - in the &l ternate form,

M ! 1, PL.C
2 = f(YI.vg,vs...—f,-i.-mi—> (8a)
M

1, 1, BI

If I 1is a variable, this must be written:

Mg l 1. Pl,° I
— f('Yl, Yg, ‘Y's PR _Eg —E"_’ _‘__—1—’ T'Q-> . (Bb)
M ly T, EIO I
where :o is the moment of inertia of some selected ssction,

The conditions for similarity for a column or beam—column
test are then: '

1, The ratios betwesn locads on the model and between
correspcnding loads on the full-scale structure should be

the samne.

— Y
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-2, The ratios of . I, /I - for corresponding points in
model snd full—-sgcale structure should be the same, .
3, Ratios of lengths of neutral axes on model and full—
scale structure should hHe .the .samse,

4, Values of My/M then will be the same model and
full scale if the ratio P17 EI, is the same model and full
scale S T L : T T o

STATICALLY INDETERMINATE STRUCTURES IN WHICH ONE OR NORE

‘i :. ) MEMBERS Is A COLUKN OR A BEAM COLUMN

"-For structures of this type all similarity conditions
applicable to beem columns must be met, In addition, how—
sver,. the. distributlon of loads may depend of the cross—-
sectlongl areas_ of the members as well as their moments of
inertia,” In BtTfuctures in which it is known that daform—
ations due to direct tensile and compressive stresses are
unimportant, it will be sufficient to meet only those simi-
larity conditions listed for beam columns, If, however,
both bending defornations and deformations due to tensile
and compressive stresses are important, then the condition .
that the areas of all members must be in the same ratio
model. and full scale 1s importent, ZEquation (5) then may
be written in the form: - L s

2 .
MO,!‘_’-_(' f(‘Y -“Y. ) “Y .. . P.ll Io P AO .12 13 ) (g)
M - 1 2r. lBeee EEZf I ' & E, z‘:l ,T:--.

- o 1
A /A is the ratio of the area of some selected section of a
stractural’ member to the area of any other section, If
structurés 'are ?of the type in which shear '‘deforuations slso .
are important, then the conditiong;of geometric similarity
must be met in addition to the foregoing, This in most
structures, hcwever, is.nct the case, and the mcdel need not
be geometrically similar to full scnle Usually models with
members of constant thickness may be used to represent full-
scale conditions, - e e
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i Lot . T o

DESIGN OF MODELS IN WHIQH ONZ QR -MORE MEMB&RS.ARE LOADED
A4S BEAM COLUMNS BUT IN WHICH-LOADS IN MEMBAIRS

ARE STATICALLY INDETERMINATE

~

If this structure is of the type in which deformatlons
due to teneile and compressive forces in the members are
negligible as compared to deformations due to bending, then
the metnaod of design of the model and.the determination of
test load conditions are the same as for the besam-colunmn
models Dreviously discussed. If, however, deformations due
to tenslile and compressive loads may be important, then it
ie necessary to meet the additional similarity conditlon
that arocas of various members on the model must be in the
same ratios as corresponding areas full scale, In addition,
the ratio P/EBa, for the model and the-full-scale structure
mast be the same. To meet these conditionsg, in~addition to
the other conditions of similarity, necessitatese-a variation
in thickness of the model material. 1f a &tructure iec com-
poesed of several members ezch of constant -EI and conastant
area, the model may be construnted with little diffleculty if
the thickness of the Dhotoelagtic model 14 different for
each member, The model design and 1oadinr canditions then
will De determined as Iollows.;

1. Assume some convenient over-hll dimension for the
model. Let this be Lgp,

2. Next deslignate-the moment of inertia of some full-

scale member as Ios and the area of that member Apgge

Choose a moment of inertia which will give a reasonable model

dimension, say Iom'. for the corresponding member: on the

model. The dimensions of this section of the model member
then may be determined to mésf, the: necessary similarity con-
ditions for area. From equatiop (9): e - '
(5N L ey
I, o EIo_B

and

I

i~

it
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Dividing the first of these by .the.:second glvesd: "

£ Rl TR P e
('A:EQ‘:I\"O’ > R ‘(‘A'QI'-'O > . e
NI - I . .
o ", o /g
or - o
i L 2 T
Aom = Los ( os\ —on o (10)
L./ I i
om os
. Ten _
If I,, has been chosen, then the dimensions of a rectan-

gular section of the model may be dssermiaed. If b is

the thickness of the model and h the width of the sqgtionJ _

then, L
Aom = Pobyp -

I = 2oBo’
om T T3g =

Substituting this in equatimﬁ (iO)léffes;

~
b h.: At -..,-I'IOS - bohos. -
oo’ Tes” L. 7/ 12%: .
o ' om os L
e >~ (11)
.-hb.;<p¢é\)'/12105
L A
o8 os J
Then, % ':;ij 1;f:,t= e ;

ey
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and the model dimensions are determined for that section.

Tc determine other model dimensions, say at a section
denoted by the subscript 1, the conditions,

G- @)
bohy/ o’g

ENGOREG
- . bOh‘O:5 ) IO

. .8 - ) - -

must be satiefled. These give,

h, = h°‘/<%>s<%f) (11a)

8

b, = bo*/<;L—:>s %): | | (12a)

1n gome cases 1t may be necesesary to try soveral dif—
ferent -volues of I before a nodel of convenient dlmen—
sions 1a ocbtained, For the model representing structures
tomposed of meubers each of constant area and moment of
inertis, the mcdel Wwill then have its members each of con-—
stant thickness, but the thicknesses will be different for
different members,

When structures nave individual memhers of varying
moment of inertia and area, both the width and the thick-
ness of the members of the photoelastic 'model should vary
in accordance with equations (1lla) and (1l2a), It is not
practical, however, to construct photoeslastic models in
this manner, Usually, the condition that the moments of

“F

fu
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inertia gf‘the models’ mue¢WVary aabor&ing_to' (——>
. g . ‘,'.1_

s - .'.-..‘ 5"

is the most ‘Important. Good accuracy ueually may be ob—

tained if the thickness of a member is determined so that

its average area will meet the condition (ﬁi—> <%§1> .
o

N 8

The correct variation in moment of inertia 1s then obtained
by varying the width of that memher._ ,
v o4 g R KT 3 B = e T

3. When the ﬁimeneione of the msgeY have been deter-
mined, the loads :to~be applied to thefmodéf then are deter-

mined ﬂrom bhe condition that , A L "}
T e o A", . .{“"'_f-:.- L s TR -
.o [P B P ¥4 -<-PL° )-:— <PL02>
BI EI
‘Om e -t '9-‘.'3

. o e T e TR - S R s S "’-;q . - P
. AUDTTIONAL OOMMERTS OF Momﬂ: pE‘SII{:N A e
LT D T AR T A .

o~
.

1. The model, shonld be.large- enpughi .so’ that reaeonable
tolerancee in ‘the, cpnetruction of. the model: will not cause
serious errore in the va;uee of tge moment;gf ‘inertia. For
instance,'if the model ,can, bé cut to- dimension*within '®0,002°
inch,  there will be a possible error in .mement: of inertia of
€ percent 1If the width of the model 18 0.100 inch. If buck-
ling loads are dqsired thie wquld glve an*error ‘of B percent
in eetimated buckling 1oad

L.

PP u_-'.«:’.-'-'nf« roalagd
) " '-.'...."\C SEL _;.._
*erually, better fringe pattennst Leae u‘euige effecw M
and bettef photograﬁhe will 'bve obtained with Bakelite of -
0.300- inch ﬁhickneee or egs,' If t@e thianees ts too .small,-
however, ‘tco few fringes mey, be. obba@meg“lfemf%he allowable
stress in thé Bakelite. The. accura@y of ;the: tests, partilcu- -
larly in determfining bendirg moments and axlelsdloads, is im=
proved if the model is loaded so as to produce a large number
of fringes. Thickneesee of Bake;ipepBT £1l-883: fpom 0. L256
inch to 0 300 inch give gopg eeulteﬂ~.¢»13 b owiio ot E

O

Ay

I\.'..'. R

B odgodl o are el T :
3. In cdhetructing modeie pf @tatically indeterminatE?-'
structures it '1's Wall to keep_in mind: that #light- ineccurd~: **
cles in lining up supports, fi%ting members together, and so
forth, will cause internal loade in the structure when no ex- —
ternal loads are acting. At times 1t 4s desirable to deter-

mine the effect of misalinement of the supports on the stresses,
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This, of course, may be dons by following similarity princi-
ples outlined previously in determining the correct model
misalinement.

"PRELIMINARY TESTS

R N : s -Purpose

3 W rr+g}w.v o

The purpose of theses preliminary tedts was to 1nvesv
tigate experimental pracedures for dstermining bending
moments and criticel loads in pin-ended columns and beam. :
columns. "Modele were chosen which could be analyszegd. by the
methods given in references 1 and 2 so that a measure of
the accuracy of the experimental results could be obtained.

Models and Tests

Models were milled from sheets of polished and annealed
Bakelite BT 61-893. Dimensions of Models 1 to 1l are given
in figures L and 2.

Models were loaded in the frame shown in; the- photdgraph
of figure 3, In figure 4 is shown the arranggmant of “the
loads or tHe models. The loadlng frame was deglgned so that
1t was possible to vary the end load P qgﬁ the-lateral' '
load @ indepenﬂently R . : ol B :

. ,_. B .o,
‘__ --. o e RN

For each loading eondition 2 fringe photograph under
circularly polarized light was taken oT the-center vortion
of the heam. A monocromatic light’ of 5481 angstrom units
was used in all tests., TFringe photographa wore -numbered by .
the following_svstem: Photo No. Mq@el No. -~ Tegt No. =
P in 1t 'Qm in 1b, TFilgure 5 é ows a. ‘series -of fringe -
photographs obtained on Model 6 with Q.=.4.;18 Ib ahd P
varying 'from 0.0 ga 30 O‘le In table I teste run on M?delg
1 to 11 are listed ST A T g“]z“ - P i

— inoor
~ s

. Can U - : L. I
.:'v\ 't I . : E -

Model lz.fshoug in figure 8, was usad as a tenslon test
specimen foi the Qeterminatfon of the modulus of elasticity.
This specimen was loaded up %o ‘3000 psi. The strains were
measured by Huggenberger tensometers, The modulus of ‘elas- ,
ticity was found. to be 668,000 psi. .. : o

44
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"',;" Results‘

] Because of the symmetrical loadipg on the modele “of
this prelimiaary series of tests, ths ‘séctions at the cen-
ters of the spans of the beams are all sections of maximum

moment. At these sections of maximum meoment the vertical )
shear is zero and the only. stress acting is the fiber stress
M, P
g = - =82 - ., where =z is the distance from the neutral
I A

axls of the beam, measured in tle ‘pldné ¢f the loads, posi-
tive toward tha upper edge of the:tbdam, "and M is the

bending momens: a&_the center of the span.' Gonsequently,
the Mohr's circle of stress for;any element in this cross

section is as shown in fioure 7. . The prip@ipal stresses on
this cross section are then:: Oy =”=;§§z ,JP and :Ga = 0.
1" [N * C l. .-. ‘l‘ - < : T A

Sincs the fringes determined photoelastically are loci of
points at which the .Qrincipal stress differences” are a con-

stant; the - may ‘Bé determined immediately frosm the

fringe patterns if the fringe orders are known,

The stress~-optic law may be written in the_form:_
. , vy ST : - RS

LRI et U P ‘13)
where @3, Ua‘a:e'principal“stresses, 'n..fringe+order, k

a constant depending on’ the .wavelength of light, tEhe- Erop-

erties of the materfial ussd,,and the thickness-of tﬂe ma&el
in the .direction of prépogation of the light. At

PPN c o

T

2., o~ e - .. x I”{..?CJ T - S T
2 q:%unaéeﬁ.ﬂ.g npy and:@? z = q_%, leﬁ n = ng. ThﬂP:;wv

T
B A LI S A

e e S L o T PRI S
s L ; T T | O - S -
.- s _-:. = . 0-1 A =.T‘knT:,,.=.ﬂ.._.g_.. — N
- M. - wa -...921. A ot N
' gowogsTOo0 0T e o
_ M h P
O1p = K8 = S -— B
e 2 A
. [ sy &
Lohaw o ' ;
Solving these simultaneously for Mc givqg,,:ﬁ}tﬁgﬁp:n 35

. . _—
Foos ..*

UMy = - ;r (nT - nB) (14)

o
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If the loading of the Dbeam is such that the bending
moment is known from principles of statice, equation (14)
nmay be used to determine k.- ‘In many tests the ratio Moc/Mc

is the dssired variable. From equation (14) this is:

LY

Yool g

.-.".. FR— M - - £ . . ’ ..
B IR T S PR e:Mq'_ET. (QT ':nB)P S ' -~

- - [ "'_' > q iy 1 -
2 i R AT - A M A Fodie BN & |
In table T are }ecorded the fringe order dlfferencms

(ng - np) for all preliminary tests run. Also in table I
are given valqu ofT ) OG/MC‘ Thgse ware obtainei by divid-
ing (ap - nm).>nfor the test with no axial load, by. the::
values of (np -.np) obtained on each of the other testp of

ot

thé same model witﬁ varying values of the axial® 1oad P
Fo; Models 1. to & the theoreticagl.critical, loads are; ... :
Pora EI/Z These were computed and gniersed. in-table ¥.
Por the tanered Models 7 to 11,2%the eritical loads werd ¢cbdfa-
puted by interpolating the tables:givensbyiTimosheénkoninin:
reference 2, rage 128, These also are listed in table I.

"

P I. A l‘.'v.—.'..,- N N s -_,-—-.I -)f-lv’ ST I l_.:‘_,,
In figures 8 9, and 10 are plotted the results of
tests on Models 1 to 11, Taired curves were drawn through

‘the experimentally detdrmined points and terminated at the
computed values of P,,.. 4an inspection of these curves

shows thliat poitntd do not -lie on thé ' FatFfed curves'within fhe
‘limits of .ernor ;in-thg:determinatil:dnof mokents from: thé”
photoelastie fringe ‘patterns, . The. ecatﬁerrng of theéne ﬁoints
was believed to 'be ‘due-to friction in- thé exd supports. :

An examination rof thasa ecurves also shows considarable
vedriation from the straight line plots that were expected
from theoretical considerations. The curvature of these
plots was believed to bé due to. eccenﬂricities In the appli-
cation cf the end loads. To check this, the following ap-
proximate analysis of the effect of eccentricities was made.

Approximate Theoretical Anai&sis of Affect

of Eccentricities and EZngd Couplea.“ Ca

If eccentricities existed on Hodels l to 11, it was
known that these were smgL%f).?he,ezayt amount of thesge

Lo

4o
T
Islind w1
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eccentricities: could not e’ dsterimimed mccurately by measure-
ment. Thersfore, the following approximate analysls was made
to attempt to evaluate these eccentricities from the test
results.

Timoshenko (refsrence 2, P. 82) has’ pointed out that a
Fourier series may be used to represent accurately the de-
flection curve of a beam column. He also shows that, if
only the firet term of the series is used, the deflection
curve, for many types of beams, ie renresented within re-
guired engineering accuracy. In figure 11 the notation is
defined. Then, let S

'y - -a, sin %; . o (18)

€, .

Cor Cobmmn g E——

where -a; 1is the deflection at a point midway between the

points of inflection. The bending moment M, =&t any point
z 1s, C : SR e

_ 4R 2 : '
M =351 &8 1Bl g4 I (17)
. ax® - 1 l

In general, BI may be & function of x. DLet ' (BI)gpe
be a constant which may be.substituted in (17) to give the

same value of the eritical load that will ©be obtained if
the actual variation of BEI is used. Equation (17) then

]

becomes: , o - T

w2 (BIl)ere X

M = 22t ey etn —  (17a)

The term (EBI)gsy will not be the average EI for the beam
column. It is a valﬂe whiech will satisfy the equation,'_

A or - - - - EII .,_

P n2(BLYgpgp L -
Fan S e . - . & R oL o
','L'z . oo T an

It may be considered to be the stiffness of a hypothetical
uniform beam column: having the. same buckling load as the
actual beam column under consideration.
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Referring to figure 11, write the bending moment at any
point x:

I
M = Mo + LMI - P(y1 + 51)] E‘..:..%:...E_E)

+ {Mg - Plyy + 52)} (&_%_5) - Py (18)

Consider conditione at the point midway between the points
of inflection, at =x/1 = 1/2, If the bending moment at thie
roint i1s degignated ac Mc' and the portion of the bending
moment due only to the lateral loads q(x) as Mg,, then

squating (17a) and (18) gives:

. - 1
My, l My - P(y; + 51)_{ (I‘ = 2~ -29 ""[Mz - P(yz + se)K% + o= 2s)
- = = =
= (BI) off _ P
ZQ
and

Mo = E‘%ﬁg {Moc * [Ml - P(y, + 51)] £—§~E - gf)
+ [Ma - P(yg + az)] Q% + g%)} (20)

g = M (BD)ers (21)

13

where

Por certain loading conditions, equation (20) may be
greatly simplified. Consider, for instance, the following
example; Beam column with pin ends, no end couples. For
thisg case, 1 =L, and M; = Mg = §; = 85 = a = Db = 0,
Then equation (20) becomes:

Mg = —PB fnoc - P Zlui_la>]
S p.rL N A

or
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(éz)
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| I— |

where

)

e = Blyy *¥5) . (23)

Let

Q
]

P/B; then equation (22) becomes,

2c _
M, l - ae

M 1 - .
_ s (24)

Bquation (24) indicates several interesting results:

1, If the sccentricities y; and yz are zero, then,
e = 0, and Moc/Mc versus P should plot as a straight
line. '

2. The greater the valus of the moment Mgye due to the

lateral loading, the less the ratio e and the less will be
the effect of any eccentricity on the results.

3. If the plot of Mgye/Me versus P 1is not a straight

line, however, the experlimental curve may be analyzed to de-

termine the amount of eccentricity present during the test.’

If the average eccentricity Ki_i_Za is denoted by yav;: i
2 .

equation (22) may be written in the form:

Y - i - .
Voy = mo2 e + Be C (28)

The test results give valiues of My. and Mé for various

loads” P. OConsequently, the experimental results may be
substituted in equation (25) and . B and y,,. computed.

For instance,
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and P be the corresponding axial load

Let M = 3M 1

oc’

Mo =.4M0c, and Py bve the‘éorresponding_axial load

Substituting these in equation (25) and solving the result-
lng equations simultaneously, gives:

2P . P
B = —PlaTa (26)
3P, - P, B
and - —
Tav = = Mod'+ Moe (27)
P, g

Critical loads for Models 1 to 11 were computed from
equation (?6) Values of Py &and -Pz were ftaken from the

faired curves of figures, 8 9, :and 10, . In table II are

shown results of these computations. With the exception of
tests on Models 1 and 2 the values of critical loads obtained
from equation (26) ,are in-good agreement with the theoretical
valuea, ’ . e e :

oo~ "

The calectilated values of the eccentricities, obtalned
from eguation (27), indicate that relatively small errors in
model construction wiil” account }pr rather large variations
from straight-line plote Bhown  in- fignrea 8, .9, and 10,

From this analysie of:the ‘rasiits oBtalned in the preliminary
teste, several tentativa Qonclusions were drawn in regard to
the best test nrocedure.

+

= 1 (EI)eff Yav

,'.Jbl-\ - L A

should be as small

l, The factor e
. . * ,:’ ?{"O.Q -, -t

as posglible to avoid effects of eccentricities. Thie may be

done by using rather large lateral loads which make Moo

large, or by keeping the ecceptricitv yév "as small as
possible.” L : ,

) - . : ~": (‘.* .’- \ ] : Ll e .
2, ‘Since any error fn H&c"will appear inp -all points,
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the fringe values for the loading conditlons with no axial
load shonld be determined to a high degree of .accuracy.
Less possibility for errors. will exist in bthe determination

of ~My, if the fringe order difference (np — ng) for this
condition is im the order of 8 to 10 fringes. ) I

3. The model should be loaded with axisl loads up to an
‘émount producing M, = 4M, (approximately). This will

v;assare & more accurabe determination of values Py and Py
“fér -use.in equation (26), and consequently & more accurabe

“determination of B

4. At a moment M, = aM_, the stress o = -P/A - M h/2I

in the model should not exceed the slastic limit of the model
materiel.

5..The pin-~end comnnections should be in good bearings to
prevent the effect of the formation of a.friction couple at
the pins.’ Pin friction will have the effect of giving an
effective increase in the fixity coafficient, :

Ry

TESTS TO CHLGK CONCLUSIONS BASED ON RESULTS

S0 o PRELIMINARY EXPERIMENTS .

IR S A e e

. ‘ Beam Golumng %ith mccentricities

’ o T TIfpens B o . I B L
Models and Tegts

ﬁodélé 1%, 14, 15, -and 15 were constructed as shown in
flgures 1, 12, 12,/ 'and 14. - During tests the effect of fric-
tiom in the Yin “ends was. eiimlnated ag- much asg possible by
vibratlng the 1oadingwframe before; taking photographs of the
fringe pattern‘ Reiultsyof tests are given in tables III
and IV and -on " figures 15, and 17 T

r ’

Figure 15 indicates that exper*mental results on Model

13 1§ in good’ agreementgwith the-theoretical ryalue given by

‘equation”(22) fér""e:=.@., This shows also tHat the choice
of.ths original velue of Mye does not effec¢t the plot of
oc/M provided the values of M " are Iarge ‘enough to

produce sufficient fringes for accuﬁate détermination of
Rp - np. '
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Figures 1§ and 17 show the comparison of experi—
mental .values of oc/Mc f'or Models 14, 15, and 1& with

velues computed irom eguation (24), ,Valﬁes of & .on thisg
curve were-computed from'measured values 'of and Yz
Table ¥ gives values used for plots of gsolid lines on
figurua 16 . and 17, .

Table VI gives values of Per and yav obtained by

substitution of experimentally deternined values of 'MOC/M

in equation (25) These may be " compared :to the theoretlcal
L WREL

values of P,y = and. the measured eccentricities on
the models. v e

‘Conclusionsg

L. For bean columne'with“donétant' EI  and with pin
ends, fthe use of_equntion (256) for extrapolating experi-
mental results appear to give good accuracy,

a2, Range of M, /Mc values from 1,0 to approximately
0.25 should be covered by the tcsts.

4. It is not necessary toihave zero eccentricity of
the end load, Results.can be annlyzed by use of—equation
(25) to find the eccentricity pregsent 'fn the test, If—
values of oc/Hc ~ T8 thdn desired for other eccsntricities

these nay be obtmined by use of equation (25). for "any other
erbltrary eccentricity. .

4, Eccentricities will, have: no~effect on the critipal
load, but mey hewe. ». very lgrge of frect on, the. bending noments
at values of axial lead less than: the éritical load, If .
the bending stresses.in 'thé beam reatch the yield stress.at
values of P less than the critical load the allowable value
of the axial load P will be very greatly affectud bY small
variations in eccentricity, , vE . o

£, On the model-the ilateral load’ should be sufficient?:
to glve values of Mge which are capsble of accurate de—

ﬁermination experimentally. This means that fn — Dy

s Lo

snould be at least 6,
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TESTS OF OIRGULAR RING MODELS -l : o

- -y s . . o —
. £ S ' ~ S . . .

Do Purpcse

RS

RN - - '—gn— —_-

The nurpbse of this series of - tests we s to give an ex-
le of the uese of the basic similarity equations, (4) and
g and to determine wheéther conmtinuous.rings are struc-
tures irn:which:the assumption of linearity of bending mo-
ment with load ‘s applicablde. The "beiding moment, on a ring
loaded with a diametrical load P is usually taken as

(reference. 5)" i :

M = PR <o 3183 - l sin e> (28)

v

Loy [

.whérq;:B. is the angle measured from a. loaded diameter. At

° )
§ = x90° ;,Ig,. this ‘gives:.

M . " .
/2 - _0.1817
PR

L.
.

This formula indicates no va iatiop of moment with vya-
riation in the ratio R*/I or wii'h variation in the BER®/P
ratlo. However, if the deflection of the ring has any ef-
fect on the bending mement, one or. both of.these ratios may
be significant. If the ratio ERE[P ‘ise. significant a
variation in Mg/ /PR would be: pxpected with variations in

that parameter. If the moment 6f-inbriia of the ring is im-
portant, a variation in ﬂ/afPR with' *R! /I would' ' be - ex~

pected. For the ciréular ring, as, loaded here, other ratios
as specified in’‘eguation (5) ate satisfied with the excep-
tion of Wy, .yhich 18 not significant. ln this.problem.

~

Médels, Tests, and Computations

Three circular ring models were constructed to dimen-
slons shown in flgure 18. These were cut from a sheet of
polished and annealed Bakelite BT 61-893, 0.278 inch thick.



w12 60x10 -and a range of

. 8tralght beanms,

©oof medsl,

-

"y ¢ then were multiplied by fringe order .n,..

.oy . then was plotted, . Figure 21 shows the:ploet for Mpdel 17,
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In table VII 'are listed tests run on the clrcular ring
models, The average radius of the ring is denoted by R,
Figure 19 shows a typical fringe photograph of & loaded ring,

ER®/P from 0.71x10° to

The test covered =a rsnge of
from 2,98%X10% to 22,2x10% ,

R*/1

- -

Bending moments in circular -rings. may be compute¢ dlth
falr atouracy by using the same methods as dlscussed for
Since, however, the bending stress. is not
distributed linearly in_curved beams, the: maximum. bending
moments at the point 6 = £90° were computed for grepter
aceuracy, -as follows:

l, The distance from the edge of the ringe to each
fringe was measured on the fringe photograph, These messure—
ments were then adjusted to model scale, Measurements were
made for Both € =+90° ‘and —90° Dlstancbs t%o fringes were
averaged 2t these two stations, The fringe order was plotted
versus the average distance from the edge of the model, A

typical plat for Mndel
figure 20, The valuses

2. By planimeter
of n versus distance

17 under a 25-pound load is shown in
are recorded in table VIII,

integration of the area under the plot
from edgs” of model, the averrge fringe
The neutral axls was then

the fringe ovdersd

order for the beam was computed,
the point at which the averaga fringe order was egual to the

fringe order of the Ju&ch&? Eod WE%E&B distance fron edge
Y 0 L O k

.-"

T B T T N S SR B B T o e

- A - (

li‘rom the neutral ‘exis,

In' table X %re ‘shown
Vallbes of

The preduct

3, At vari%u% disﬂhnces «?
frere’ wensurbd -
thest valwés fér Model d? nhder 25—pound: load)

The area under the curve of oy
‘This is designated as’ $,:

load 25 pounds, versus y
then was measured, ST

4, The bending moment across the section under con—
sideration wmay be written as,

iﬁ
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where:. . 1o ot Attt R Rt -
[l " "SJ'_N. o ' ’ ) o

o, nérmsl stress on sectiou,,__; : B
¥y "dlstance from neutral axis
b thickness of zimgl <™ " - - —
¥o. distance from nelutTal axis to outgr edge of ring

' TR T PP . LhooamEmooo =
vi ,distance from nputral-axis to iﬁner edge of ring

From squation (13) sincgf‘q;”= O,Gl = kn, equation

(29) becomes ., : .o T e e

Yo
. Mg T - kb.JF ny ay -
- ’ ¥yi - = — -
M - L.
_ . ) R =1
Theré@ore, . .,Qf: s e :.t i:;;%;': "_T1};.;¢3__ff_"
: Mn/ =~k b S (30)

For more detalled dfscus'sitn of this method of deten—
mining bending moments, see reference 5.

Results L. " " _ : -

.__|...

In tabls VII the ‘values of - / /PR -aTe given for all

tests, An examlnation of these results shows that for Model
17 the results are very nearly thoselgizen by eguation fZB),'
For Models 1§ and 19, hdwevef the values of ﬂ/ /PR ave -

E' . LY

omewhat higher, 'In figure 52 aré plotted average values of

M/ /PR’ versus ER‘/P for constant values of .the ratio
2

-t ‘__.

‘ 1

R /I. These curves ShOW no significant variation with ER"- /P
The variation that i1s shown is within experimentsl limits of
accuracy, The curve of M_, /PR versus R*/I, however,

2
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indlcates an lncrease in the bending moment with an increase

in R*/I, At low values of the .rgtio R “/1 the value of

Mn/E/PR checks almost exactly the value given by equatlon (28).

Conclusions

"THle fhotoelastic results sHow that the bending moments

on cireular rings are s function of the ratio RY/I. It is
recommerded that mddels of bulkheed rings &nd éther similar

structures be-.constructed -so.that the ratio. f/I” is the
same on the model and full—-scale structure, It aled would

be well to test the model at the same ratio of ER®/P on the
model as for the full-scale structure if this is convenient,

Even thcugh little variatiop with ERE/P was shown 1in tests,
1t may be that at other valuss of the ratio, or for other
types of loading, this would be significant,

The photoelastic tests of these rings indicate that
formulaes in use for the calculation of tending moments in
clrcular rings are in error for rings of large R‘/I ratios,
Furtherrore these errors lead to nonconservative values,

ANALYSIS 'OF STATICALLY "INDZTERMINATE FRAME

Purpose

In statically indeterminate structures, the loads and
bending mérents in various members of the structure are func—
_tions of the relative stiffnesses of the membersg, If all
members are Toaded with axisl loads that are small com—
pared to their criticel ‘bucklingi‘loadd, the analysis of the
structura may be acconplished gpalyt;cally by several
commonly uged methode, In structures where one or more of
.the members is loaded with an .axlal. lcad approaching 1ts
critical load difficultius in the analysis occur due to the
variatiion in' the ‘effective ‘st iffn'ess which takes place in
“thg,ax;q;;y loaded member as 1t approaches its critical load.

-
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- T

The photoelastlic method is useful in analyzing such a struc—
ture, prowvided the medel is constructed ‘and loaded as speci—
fied by the similarity principles previously discussed,
SRR
The infcrmation desired far. the stress analysis of the
structures 1is as follows: L

l, The-total load at whieh buckling of the column mem—
ber occurs . . e o

2, The bending moment at .8every point in the structure-
3, The axiagl loads in all members of tha structure
4, The shesr in the memhers .

If thig informatlon. is obtalned, unit stresses in the full-
scals structure may.be computed

If it were not for the: effect fof variation of ‘ef:fective
stiffness in thes column member. .as. its load is increased, the
internal foreces, reaction% benﬁing noments, and 80 forth
would be linear functions of the extermal 1oads and- theee
could bYe bbtained for anpy convenient value of the applied
load, say .P,, ' The, corresponding moments, lnternal forces,
and so forth in ‘the. various. members*could then be found at
eny losd Pﬁ by multiplying obserVed values at any load
P, by the Tatio of P_/P,, . ; R

1 L’-. . . ool

When, however, cne member bf ‘the, Btructurd is stressed-
by an axial load approachlng its own critical load, the dis—
tribution of the externel loads among the members changes.
The stresses in the individual memhers gre then not linear
functions of the external loads, In‘these structures the
load on the model must be selected so that the internmal load
distribution at a desired full—scale loading condition will
bte obtainable from the model results, °In a structure of this
type similarity- conditions as specified in equation (Bb) are
applicable, - PRI .. . .

I Model and Tests
To illustrete the use of the photoelastic method, two
models were constructed as shown in figure 23, These were
constructed of polished and annealed Bakelite BT 61—-893,
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Tests were started -on Eodel 20, but the model falled
before tests were completed, The results of these tasts
are not—reported, Tests on Model 21 were run as follows:

1, Fringe photographs of the central portion of the
vertical leg were taken with the ‘locad P on the frame vary—
ing from 40 to 100 pounds, Fringe photographs are shown in
figure 24, s :

2, Fringe photographs of the entire frame were taken
at a load P = 40 pounds, These are shown on figure 25,

3. Fringe photogrephs of the entire frame were taken
2% a load  of P = 75 pounds. These are shown on figure 26,

'”Cbmputations:aﬁd Results’

The fringe patterns of figure 24 were analyzed in a
manner similar to that described for the beam~column models,
Bending moments at a point 3,80 inches from the pin point
in the'vertical member were determined, These are given in
table X, These moments correspond to the moment Mo in
equation (25), T

In order to analyze the results of this test, eguation
(20) is rewritten to conform to ‘the particular 1oading con—
dition on this model, If the pin end of the vertical mem—
ber 1s considered to be egquivalent to the right end of the
span saown in figure 11, then,

Equation (20) then becomes,

. B L — a 1
== M - P-'%J[— canie 5}:] (31)

where P! is:the axial load in the vertical member,
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Let P' = ¢,P i .
., T ] . - = .
. h - ' T

i "];;_;z LT _} ) o - .

+ . E - o7 T
e PR ey
s G . - A 5
., } N v H ¥ _ --___4_

1] . - - . _

*“Then .since -61, ag_tb,f and @a:'nay all'bérfﬁncti%ns of P,

'“eguation (31) may be written R A
”"'.J';Mg;mz_r:__- __;__> (E_:_i_'_”:)
R - ¢£P S 2L

or

elm

f“<£§ i' R t52)

ey . - -

h
NPT 4 (12*4' "'J:'\
RSV N A
' I :-,--Mc_"c', W
The function f(P) is not  1n general Eetérminabié
analytically. An examinatian of ‘the physics of this, how—~
ever, indicates that this function cannot be zero for any

i h. . -
. B T 1 v R
value of fP;ff@bnéeq ntly, af- ." {Mf]; tﬂ{_iswplotteégj__
Vorogrnn S [N e l' ’ -: .c' LU o U j‘,.
.. s . b ik L B ] R - AL [ P "
against - B, qpi will .be ‘aero ﬁhen (;L=;'P is equal to -
et o . - 3. Tl .'i S

zero, The value of P " at: this cbndition is then the valué
of the total load, on the sirveture” hhich will tend to pro-—

duce an infinite bending moment in the vertical leg, - This

may be called the critical value déf" for ﬂhe vertical -

column, - The eritical . value of ' "P *fcr a structure 0of this

type may .be interpreted as the total 1dad on the structure

at which the buckled member will carry no additional axial

load even if P 1is further increased

()

In figure 27, is plotted against P,

The curve through experimental points was extrapolated to
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the point —————— = 0, This indicates that, at =a

tntal leoad of 122 pounds, the verticel nomber 1s ossenti—
ally buackled, Since the structure is redundant, this deces
ncet necessarily mean that this is the ultimate load on the
structure, It indicates, however, that any additlonal lnad
willl have to be carried entirely on the left support of the
horizoaterl menmber, Consequently, at loade above 122 pounds
the beanding mcments in the left portion .of ‘the bean willl in-
crease much more rapidly than at loads less than 122 pounds,
To nbtain the bending moment at every section nf the
structure at given loads full-scale, the egquivalent loads

are computed so that P/EL® for the modsl and the full-
scale structure are ddentical, For the tests of Model 21,
assure that tlhese model loads have been deternined to be

40 and 75 pounds,

The first step in the analysis was to determine the
fringe orders at wvarious seciions along the boundary of the
model, These were identified by observigg the formatlon of
the fringes as the 1lvad was increased, "These fringes werse
recorded on figures 25 and 28 and_in tablus XI and XII, At
séctiors of maeximum moment, 1t is possible to plot: fringe
order rgeinst depth of beam«an& +o use feirsd values, of
fringe orders.at the’ boundary.w A% ‘sections where! bending'
moments . are; not maximum thls method is not applicabdle,
Good’ results can’be’ obtainedh however, by using the esti-.
mated values of fringe. ordérse’ at the Quter boundaries and
then determining the bending moments from equation (14).
This wss done at various, sections of the horizontal and ,
vertical members of Model 21 for loads of beth- 40 and 75
pounds, These bending moments are ' plotted also on figures
25 and 2q The shear f orces in the members nay be obtained -
by neasurement of the slqpes of the momunh curves: .

f 'J' .

The axial lbaas “n the members Way be obtalned by
taking the averege fringe order aéross the section . The
axial load 1is then given by.- = N

L X T "1" -
. SRR f-r“': ,:,‘ - L
P 1= KR th -

a,}”m.
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where ¢ 1is the thickness‘and - h the width of the cross
section, The accuracy of determination of ngy 1is poor

i1f the average fringe 'order .igigmdll, Usually, however, a
relatlvely large .error-in this - axial load does not affect
the coxbined stress, - maeed - T

N s kb

.- Jyeew Mh : : e—

O = Ohv £ ~— : -
- ey 2l . | -

to any great extent, If c av: is 1arge theh it méj.bé

determined with greater accuracy slnce the average fringe
order will be larger, '

In the model tested, the axial load in the column is
due to shear carried in the beam, At the 40-pound external
load the axial load in the column obtained by considering
the shear in the.right—hand portion of the beam was found
to be approximately 18,0 pounds, At the 75—~pound external’
load the load carried by the column was found to be approxi-
mately 34,0 pounds, It isg seen ‘that the four desired items
of information for the full-scesle structure are obtainable,

In beam—column structures, particularly when the bean—
column member is redundant, it is very difficult, by usual
methods, to determine allowable loads, In ﬁtructures with
linear behavior, if a factor of safety on the ultimate unit
stress of 2,0 is desired, "1t i1s necessary merely to determine
the external load giving a unit stress equal to one—half of
the ultimste stress for the mnaterial and to consider this
the design load, In beam-cclumn structures, however, ex—
ternal loads which produce .bending stresses equal to one—
half the allowahle stresses actually may be lcads very near
the externsl loed at which the structure will fzll by buck—
ling, Also as axial loads in heam—column members approach
critical values, the bending moments increase much more
rapidly than the load, Hence ultinate stresses may be
reached at external loads very little greater than those
producing only cne-half the ultimate stress at the most highly
stressed section of the beam colunmn, In the case of long
columns, of course, loads Jjust slightly less than the criti-
cal may produce stresses only a small fraction of the ulti-—:
mate stress, Tests of photoelastic models may be used to
indicate the stress conditicns at various loads, and an accu—
rate determination of the allowable loads for the full—scale
structure may be made,



30 - NACA TN No, 1002
CONCLUSIONS

By intelligent application of the similarity princi-
ples given, photoelastic mndels may be constructed %o repro—
sent mnny types of . structures that caunot be readily analyzed
by analytical methods, Theses include:

1, Beam columns of varying EI

2, Structures in which deformatinns are larce enxcugh
so0 that their effect on stress distribution 1is
not negligible (such as flexidble circular YlnFB)

3. Statically injeterminate structures in whiech in-
ternal forces, morents, and so forth, are nnt
linear functions of the external loads

The "'examples given indicate that the teckniques of test
and methouds of analysis used five mccurate—values of criticpl“
londs = beniing moments, and so forth for “the photoelastic
mndels Corresponding full—-scole vnlues nay -be accurately
o»tainud.if Similarlty principles heve been delidd pruperly.

Oregon State Collbge, . S
Corvallls, Ore.,, June 1945, :

AZPERINCES

1. Niles, Alfred S., and Fewell, Joseph S.: Airplane Struc-—
tures. J. Wiley and' Sons., Inc., 3d ed;;avol. IT, ch,
XIv. o _ _ - -

2. Timoshenko, S.: Theory of Blastic Stability. iHeGraw-Hill

Book Co., Inc. 1st ed., 19%6G. .

3. Goodier,‘J..N., and Themson, W. T.: Applicabillty of
Similarity Principles %o Structural Models. WACA IN
No. 933, 1944, - R . S

4, Rdafk, Raymond J.: Formules for Stress and Strnln.
McGraw—Hill Book Co., Inc., . 138. ) -

5. Ruffner, Benjamin F.: Stress Analysis of Monocoque Fuse-—.
lage Bulkheads by the Photoelastic Method. NacCa IN
¥o. 870, 1942.
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TABIE I
Tests and Results on Models No. 1 to 11

N - |
Fhoto Model Test P Q Ry Eég_ gogpuxed
Xo. No, No. M, cr
1-B 1 1l o ‘26,15 | 8.56 1.000 1200
2 1 1 0 52430 15,90 1.000 1200
3 1 1 75 52430 17.88 «890 1200
4 1 1 150 52430 19.60 812 1200
5 1 1 225 52430 21.38 o Uy 1200
6 1l 1l 275 5230 22.50 «707 1200
7 1 1l 300 52430 23420 «685 1200
8 2 1 0 26,15 10.86 1,000 835
9 2 1l 75 26415 12,70 «855 835
10 2 1l 150 26415 14.52 «748 835
11 2 1 225 26.15 16.70 «651 835
12 2 1l 200 26.15 16.10 674 835
1 3 1 0 20,92 11.70 1.000 530
15 3 1 75 | 20.92 14.58 «803 530
16 3 1 150 20,92 16.60 «785 530
17 3 1 225 20.92 19.60 «596 530
18 3 1 275 20,92 23.38 «501 530
19 3 1 300 20,92 26.50 o442 530
20 4 1 0 12,55 9.90 1.000 294
21 4 1l 50 12,55 13.25 o747 294
.22 A 1 100 12,55 16.34 «606 294
23 4 1 125 12,55 18,50 «535 294
24 4 1 150 12,55 21.30 «465 294
25 4 1l 175 12.55 25.48 «389 294
26 5 1 0 7,32 . 930 1.000 146
27 5 1 25 7e32 11.34 «820 146
28 5 1 50 732 14.10 «659 146
29 5 1l 75 7.32 19.02 488 146
30 5 1 90 7e32 | 24420 <384 146
31 5 1 100 7e32 29.28 317 146
32 6 g ! 0 2.09 5.80 1.000 4547
33 6 1l 10 2.09 7.00 «828 4547
34 6 1 15 2.09. 8.20 707 45.7
35 6 1 20 2.09 9.80 «592 4547
36 6 1 25 2.09 11,30 «513 4507
37 6 1 30 2.09 15.20 «381 45.7

9By interpolation of tables in reference (2).
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, . TABIE I (Cont'd) T T e
Tests and Results on Models No. 1 to 1l
-
Photo Model Test P Q ng=- A, l_‘g_c_:_ Do;;puted
No. No. No. Mg or

38 6 1 0 44,18 11.30 1,000 45677
39 6 1l 10 4el8 14.28 792 4567
40 6 1 20 4e18 18.50 o612 4567
41 6 1 25 . 4el8 25,80 438 45677
42 6 1 30 4e18 32,90 343 457
44 7 2 75 26,15 12,30 832 401
45 7 2 150 26.15 16,00 «640 401
46 7 2 225 26.15 19,59 «523 401
47 7 2 275 26.15 23.00 b5 401
48 7 2 300 26.15 25,58 o401 401
L9 8 2 (4] 15.70 8,88 1.000 309
50 8 2 100 15,70 12.34 o720 309
51 8 2 175 15,70 16,16 «550 309
52 -8 2 200 15,70 18.84 472 309
54, =8 2 250 15,70 | 33.20 <268 309
55 9 2 0 12.55 9454 1.000 216
56 9 2 50 12.55 12.68 « 752 216
57 9 2 100 12.55 16,70 «570 216
58 9 2 125 12455 20,38 468 216
59 9 2 150 12.55 26,30 362 216
é0 9 2 175 12,55 41,00 «R32 216
61 10 2 0 8.37 10.65 1.000 123
62 10 2 15 8.37 12,25 +869 123
63 10 2 25 8437 13.05 +815 123
64 10 2 50 8437 16.15 «659 123
65 10 2 75 8.37 R2.45 A/A 123
66 10 2 100 8,37 44 e40 239 123
67 11 2 0 Lel8 10,50 1,000 454"
68 11 2 10 4618 14.00 «750 45.7
69 11 2 20 4418 18,40 572 4547
70 11 2 25 418 24435 o432 45477
m 11 2 30 4el8 31.50 333 454"
72 11 2 35 418 4325 o R43 4567

°By interpolation of tables in reference (2).

K [wﬁi il



TABIE 11
7 _ Analysis of Eccentricities and Critieal Joad -
. Mo | A 4+ |% arron

Wdal | B P | 2Py | 3R | 3R, B | @ K, | - ;f- i o %

1 475 | 605 | 765000 | 3423 | 620 | 1232 | 52.30 | TB.50 | <0.164. |0.1102 -o.ggg 291

2 33‘0 563 3710«'11' 9” 42'7 875 26.15 39-20 i B .1137 00&5 i 408

3 265 400 | 212000 795 395 536 | 20,92 N0 |- 2382 | 1170 |- L0001 1.2
"4 134 213 57100 7 402 189 02 | 12.55 18.80 |- 002 | 1248 1. 0087 2,8

5 'B 199 lm ﬂ9 ]10 u5 7.32 .]J.-w - le .lﬂS .mll -

6 25 3602 1810 75 3808 4606 zow 3014- |- 01255 -1348 .0093 2.3

6 23 348 1602 69 342 | 46,8 418 6,27 |- «2680 | L0040 2.4

7 252 338 | 1XR200 756 418 - 407 26015 39,20 L '1553 «1922 0434 1.6

8 1% 257 g'rm 5')0 313 332 15-'” 230& “ e -1ﬂ0 -02'?0 100

9 m 1'?(') m 3& lm m 12.55 18082 - .1'?60 -0192 - .9
10 0 9.0 | 13%0 20 m 125 8:37 12,55 1= Q792 | L2008 | .06 Ja7
n 23,0 | 345 | 1595 69 | 345 | 4548 | 418 6427 | = 42730 | 2740 | <0010 2

SFron Bquation 26
+rom Equation 27

TARIE IIT B
Results of Tests on Modsl 13
Photo | Model | Test P Q - Eg [Computed”
No, No, No. "8 nT % Pt‘.'l‘.‘
B 13 3 0 314 5450 1.000 98,2
v/ 13 3 30 3.14 .92 - «695 98,2
75 13 3 50 3-14 l'l..lD .496 %02
76 13 3 60 3.4 | 13.78 «399 98,2
i 13 3 ] 3.4 | 18,06 »305 98,2
78 13 3 75 3.4 | 2212 «249 08,2
9 13 3 0 6428 11.00 1,000 98,2
£0 13 3 30 6.28 | 15.75 698 98.2
81 13 3 50 6,28 22.42 T 490 98,2
gz 13 3 &0 6,28 | 20.00 Pl oft,2
83 13 3. 0 6,28 | 38,50 »286 98.2
8 13 3 75 6.28 4550 242 98,2
! a5 13 3 0 9,41 16.50 1,000 98.2
i 86 13 3 30 941 | 23.75 6% 98,2
f 87 13 3 50 9-41 33.80 -488 98-2
! 28 13 3 &0 9,41 -’02.5{1\ 13% %-2
- g9 13 3 70 Q.41 | 54.10 305 98,2

200T "OF Nl YOVR
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TABIE IV )
Tests and Results on Models 14, 15, 16
M
Photo ¥odel P Q - _oc - ‘
Np= By T oL _.P.._P
yav= - 00100", e == 3021

90 _ L 0 15.69 .29 1,000 0

91 1 125 15,69 16.95 0548 167

92 1 25 15.69 26,00 357 «301

93 14 325 15.69 38,95 239 435

yav— 0.100%, e. = 3.21

94 14 15.69 8440 1,000 o

95 14 125 15.69 540 1.556 «167

96 1 225 15,69 1.70 40941 «301

Z&v= - 0.046" 0 = = 1.29

98 15 o 10.46 8.85 1,000 o]

99 15 100 10,46 14455 608 o225
100 1s 175 10.46 ‘2170 <408 394
101 = 15 275 10.46 38,80 228 .618

yav_ 0.046", e = 1,20
102 15 0 10.46 8,57 1.000 0
103 15 100 10.46 7.78 1,102 «225
104 15 200 10,46 A 1.148 451
105 15 300 10.46 5.95 1e440 <875
Ya_v_— - 00005"’ e = = 0,11
106 — 16 0 732 8.97 1,000 o
107 16 60 7.32 12,04 o745 o251,
108 16 100 7e32 15442 582 WAE:]
109 16 160 7432 2753 «e326 669
T = 0.005", e = 0.11
110 16 o} 7.32 9428 1.000 o}
11 16 75 7.32 14.05 660 «313
2 16 125 7032 18.92 0490 . 522
113 16 175 7e32 32,08 +289 732
ET
°Pcrca1q_ = ———Q2




NACA TN No. 1003 TABLE V 35
M
oc _ _1 -4
Values fromj f =T —se
oL Moc/Mc Moc'./ Mc 1[oc/ Mc noc/nc Mc:»c/l'lc Moc/Mc
6 ==3,21] e =3,21]| e = =1,29| e =1, e = =0,11| e =0,11
<00 1,000 1.00 1.000 1,000 1.000 . 1.000
+05 «820 1.13 «892 1,015 0945 955
«10 +682 1.32 « 797 1.032 889 910
+15 575 1.63 72 1.053 836 « 86/
R0 488 2622 «637 1.078 «782 «818
25 o416 375 565 1l.123 +'730 o772
«30 357 17.50 « 505 1,142 678 724
35 «307 - 5,41 oL 1.185 «627 675
040 0263 - 2.14 .396 10241 0574 0628
045 0225 - 1.25 0347 1.312 .523 .578
° 50 0192 - e 83 0304 10408 0473 [} 529
«55 «163 . - +¢59 263 1,543 o423 AT
060 0137 - 043 0225 1077]. 0375 0428
.65 0114 - .32 0191 2.160 .326 0377
070 0093 - 024 0157 30090 .279 0325
75 «073 - .18 0127 7.590 e231 . «R73
.80 0056 - .13 .098 -60140 0183 0219
085 0040 - 009 0072 -1. 550 0137 .165
[ ] 90 [ 026 - .05 [ 046 - 0 620 . 091 . 111
095 . 016 - L'y 02 . 023 - 0 220 L) 045 [ ] 056
1.00 +000 00 .000 «Q00 000 000
TABLE VI
Values of Pcr and Tav Obtained from Tests
on Models 14, 15, and 16
Model| Measured Experimental| Ioad P °p Sy P
cr av cr
No. E;cmgi.gi:y Moc/ M<: 1b 1lb in. Theoretical
av
14 - 0,100 0.357 225 70 - 0,102 748
14 - 0.1(” 0239 325
v o-100 L2 223 U5 0.090 748
15 - 0,046 0.408 175
15 - 0,046 228 275 480 0.050 445
15 | 0,046 1,148 200
15 0.046 1.440 300 468 0.040 445
16 - 0,005 0.582 100
16 - 0,005 326 160 236 0.001 239
16 0.005 0,490 125 |
16 | 0,005 .289 175 247 - 0.001 239

%Obtained by substitution of load P and experimental M, c/Mc in Equation 25.




3 - TABLE VIT  NAOA TN No. 1008 7
- Circular Ring Tests o .. .
o , I " - * oI
Photo | Model |Test | Ioad | Yo/a ER® il
No. | No. | Noe R FR M2 PR P T
1 | 1w 7 | 12.5 | 2.30 | 28.8 |- 5.24 |~0.182 | 2.82%10° | 2.99x10%
115 | 17 | 7 | 25.0 | 2,30 | 57.5 |-10.62 |= .184 | 1.41%10° | 2.99%x 10%
16 | 17 | 7 | 37.5] 2430 | 86.3 |~15.79 |- 2183 | .94210° | 2.99x10%
17 | 7 | 50,0 | 2430 | 115.0 |=20.58 |= ,180 | .71%10° | 2.99%x10%
118 | 18 | 7 | 5.0 235 | 11.8 |- 2.33 |- .198 | 7.36x10° | 7.93%10%
119 | 18 7 1 10,0 | 2.35 | 2345 |= 4435 |= 0185 | 3.68%10° | 7.93%10%
120 | 18 | 7 | 3340 | 235 | 3046 |= 5.86 |- 192 | 2.84%10° | 7.93% 104
120 | 18 | 7 (26,0 2.35 | 37.6 |= 721 |- o192 | 2.30%120° | 7.93%10%
122 | 18 7 118,0 | 2435 | 42.3 |= 7.90 |- .187 | 2.05%10° | 7.93x 104
123 | 18 7 | 2060 | 2435 | 47.0 |- 8.84 |- .188 | 1.84x10° | 7.93%x10%
12, | 18 | 7 |23.0| 2.35 | 540 |<10,10 |- .187 | 1,60%10° | 7.93%10%
125 | 18 7 1 25,0 | 2435 | 5847 1=10.91 |= 4186 | 1.47%10° | 7.93m10%
126 | 19 | 7 | 3.0 2.38 | 7.15- 1.485|~ .208 |12.60%10° |22,20%10%
127 | 19 | 7 | 6.0 2.38 | 14.30|- 2.880|= ,202 | 6,30X10° | 22,20%10%
128 | 19 | 7| 90| 238 | 21.40|= 4u350|- o203 | 4,20%10° |22.20%10%
129 | 19 | 7 [20.5] 2.38 | 25,00~ 4,97 |- s199 | 3.60%10° |22.20%10%
130 | 19 | 7 {12.0| 2.38 | 28.55/- 5.700|~ .200 | 3.15%10° |22.20%10%
' TABIE VITT ST T T e
Fringe Measurements for Mcdel 17, P = 25,0 1b
[h‘inge order Distance from outer Distance from outer
n edge of photograph edge of model. (lbdeJ]
in inches scale), inches
0 = = 90° 0 = 90° Average
4 0,035 0,025 0,030 0,041
3 .053 055 .05, 073
2 078 .083 .080 ,108
1 2104 <107 .105 142
0 2127 132 129 J7%
-1 o149 155 152 <205
-2 170 175 173 .232
- 3 0193 0197 .195 .263
- 4 0213 0216 .214 - .289
- 5 0231 .234 0232 031\3
- 6 0248 0253 .250 0338
Inner Edge «R259 «259 o259 «350
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TABLE IX

Calculations for Model 17, load = 25.0 1b

(Values of y and n from Figure 20)

Bending Moments in Section 3,80 in. from Pin Joint
in Vertical Member of Model 21

Distance fron Fringe Order
~neutral axis n ny
' ¥
0,183 5041 0.990
o143 4430 615
«103 3.16 «326
«063 2.08 «131
«023 75 017
+000 «00 «000
- o037 = 1,25 2046
- 077 - 2,70 «208
- o117 = 4el5 485
- .157 - 5-78 0908
- 0167 - 6.20 10035
TABIE X

37

e
Phote odel Test load ¥ P(L 2" ;l
No. No. No. P c
- N—

151 21 8 40 0.875 3471
152 21 8 50 1,308 291
153 21 8 é0 1.750 260
154 2 8 65 2,136 231
155 - 21 8 ¢ 2.410 220
156 21 8 75 2940 194
157 21 8 g0 3.580 170
158 21 8 85 Le240 152
159 21 8 90 5440 126
160 21 8 95 64660 108
161 21 8 100 8,200 93

°p, 22, h, defined in Figure 23.
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Wik,

Bending Moments on Model 21, P = 40,0 1lb _
Horizontal Beam
Section Distance from Bn=- Ny Bending

left support moment
a 0.00 —— —
b «30 11,2 - 20,80
c__'._ .62 7-5 - 13095
d 093 305 had 6.50
e 1.26 0.0 0.00
£ . 1.56 bl 3.1 5076
g 1.87 - 7,0 13.00
h 26,20 T = 10644 19,30
i 2.50 - 1306 25.30
3 2,82 - 16,9 31,40
k 3.13 - 20,0 37.20
ﬂ 3.46 - 16.0 29.80
m 3.75 - 13.0 24.20 *
n 4,07 - 9.9 18,40
0o 4.38 - 6.6 12030
P 4069 - 3.6 6om

Vertical Column

Section Distance from e Bending

: pin joint moment

Ay 7.87 —— -———
r 6. 55 0e2 - 0.069
8 5.91 1.1 - 03’77
t . 5.30 2.0 - o685
u— 4.65 Rel - 0755
v 4.05 109 - 0651
w 3.41 106 - .549

X 2.7 1.3 - .

y. - 2.15 100 - '343
z l.54 9 - 44308
aa 90 N - «206

bb - .28 hendemee o -
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TAELE XII
Bending Moment on Model 21, P = 75,0 1lb
Horizontal Beam
Section Distance from By Dy Bending
left support . moment
a 0.00 — —
b .31 23'2 - 43.20
(] .63 16.0 - 29.80
d «93 8.5 - 15.80
e 1.26 . 1.0 - 1,86
f 1. 56 - 5,2 9.63
g 1.88 - 12,5 23.20
h 2:19 = 19,0 35040
i 2,51 - 253 47,00
3 2.82 - 33.7 62,60
2 34 - 33.3 61.90
n 375 C o= 277 51.50
n 4.06 - 22,1 41.20
L~/ 4438 - 15,9 29.60
P 470 = 10,0 18,60
Vertical Column
Section Distance from Bn- 0y Bending
pin joint moment
qy 7.86 — ——
r 6.55 104 - 0048
s 5494 3¢5 = 1,20
t 5631 5.9 - 2402
v 4.68 704 - 2.54
v 4.05 8.2 - 2,81
w 3643 8.3 - 2,84
x 2,80 8.0 - 2.7
Yy 2.18 5.4 - 1.85
z l1.55 4e3 - 1447
aa .92 . 203 - .80
bb .29 ——— -
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Figs. 1,2
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IMODEL NO.| h BAKELITE BT 61-893
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Figure 1.- Dimensions of models 1, 2,3, 4,5, 6 and 3.
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o 0506 | 0.280
10 0403 | 0.280
| 0.268 | 0.268
Figure 2.~

Dimensions of models 7,8,9,10 and II.



Flgure 3.- Photograph of model 3

get up for test.

Figure 5.- Fringe photographs
for model 63 P =0

to 30 1b, Q = 4.18 1b.
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NACA TN No. 1002 . Figs. 4,6,7
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Figure 4.- Positions of load applications, modeis | to 11,
13 to 16.
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Figure 6.- Dérnensions of tension test specimen, model
12.
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1
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Figure 7.~ Monr's circle of stress at section of maximum moment
in beam-column.
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1.0
N\
AN + MODEL NO. [, Q=52.30
08 NN N ® MODEL NO. 2,Q=26.15
: N . a MODEL NO. 3,Q=20.92
! N, # MODEL NO. 4,Q=12.55
\ - A hd
\ Y
M N <
Ve NN N
Mc % \\ \1
04 " Y
N N .
\
N
02 X N
\\
\ N —
o) AN .\
(o] 200 400 600 800 {000 1200
' P
Figure 8.- Plots of Moc/Mc against P for models 1, 2,3 and 4.
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Figure 9.- Plots of M /M, against P for models 5,6 ond Il
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1.0
Q\#\
AN N + MODEL NO. 7,Q=2615
08 \\\K @ MODEL NO. 8,Q=1570
4 J\ - a MODEL NO. 9,Q=1255
i % o MODEL NO. 10,Q= 837,
\ \H\ N\ v MODEL NO. I1,Q= 4.i8
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Figure 10.- Plot M o/M_ against P for models 7, 8,9,10 and 11.
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Figure I1.- Notation for beam-column span.
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NACA TN No. 1002 Figs. 12,13,14
MODEL 14
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Figure 12.- Dimensions of model 4.
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Figure 13.- Dimensions of model 15.
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Figure 14.- Dimensions of model 16.
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1.0
+ Q=3.14 LB
o Q=6.28 LB
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Figure |5.- Plot of Moc/Mc against P for model 13.
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Figure 16.- Plots of Moc/M. dgainst a for models 14,15 and 16 with negative eccentricities.
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Figure 17.- Plots of My,/M, ogainsi o for modeis i4,
15 ond 16 with positive eccentricifies.
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NACA TN No. 1002 Fig. 19

115-17~7- 250

Figure 19.- Fringe photograph for model 17; P = 25 1b.
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Figwre 20.- Plot of fringe order against distance from outer edge
of model at ©=t90° for mode! 17, P= 25 Ib. Figure 2I.- Plot of ny against y for model 7, P 225 1b.
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NACA TN No. 1002 Fig. 26
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Figure 26.- Fringe pattern and bending moment diagrams for model 21,
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Figure 27.- Variation in bending moment, in vertical member of model 2I, with load.
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